The ternary Golay code -one of the first and most beautiful classical error-correcting codes discovered -naturally gives rise to an 11-qutrit quantum error correcting code. We apply this code to magic state distillation, a leading approach to fault-tolerant quantum computing. We find that the 11-qutrit Golay code can distill the "most magic" qutrit state -an eigenstate of the qutrit Fourier transform known as the strange state -with cubic error-suppression and a remarkably high threshold. It also distills the "second-most magic" qutrit state, the Norell state, with quadratic error-suppression and an equally high threshold to depolarizing noise.
Introduction
The classical Golay codes [1, 2] are amongst the first and most beautiful ways discovered to protect classical information. Two Golay codes exist -the 23-bit binary Golay code and the 11-trit ternary Golay code. These codes are unique, in that they are the only linear perfect classical error correcting codes other than the Hamming codes. While they were discovered through a computer search, (and independently by a Finnish football enthusiast, apparently via trial and error), their discovery led to profound advancements in the theory of coding as well as the mathematical theory of finite groups. [3] Can the Golay codes provide us better ways to protect quantum information from noise? Via the CSS construction, the Golay codes can be used to construct [23, 1, 7] 2 and [11, 1, 5] 3 quantum error correcting codes. Applications of the 23-qubit Golay code to fault-tolerant quantum computing exist [4, 5] , but the 11-qutrit Golay code has apparently never been discussed. Here, we observe that the 11-qutrit Golay code is remarkably well-suited for a promising approach to fault-tolerant quantum computing known as magic state distillation [6, 7] .
Magic state distillation [6] [7] [8] [9] is a leading approach to fault tolerant quantum computing. In the past few years, magic state distillation for qudits of (typically odd prime) dimensions other than two has attracted some interest [10] [11] [12] [13] [14] , and notably has been used to identify contextuality as an essential resource for universal quantum computation [15] . However, for the most part, qudit fault-tolerant quantum computing [16] appears relatively unexplored, although attractive experimental realizations of qutrits do exist, e.g., [17] [18] [19] .
In the magic state model, a fault-tolerant quantum computer has the ability to measure and initialize states without error in the computational basis, and act without error on these states with a discrete subgroup of the full set of unitary operators known as the Clifford group [20, 16] . A quantum computer with only these capabilities is classically simulable [21] [22] [23] [24] and therefore not sufficient for universal quantum computation. In addition, the computer is able to prepare ancilla qudits in certain non-stabilizer states, called magic states; but these states are produced with limited fidelity. To approximate a universal quantum computer within this model, we require arbitrarily pure magic states, which can be used to implement non-Clifford gates via state-injection. Using many low-fidelity magic states, it is sometimes possible to distill a small number of high-fidelity magic states via protocols involving only Clifford unitaries and stabilizer measurements. This process is only successful if the noise level of the low-fidelity input qudits is below a particular threshold associated with the particular distillation protocol employed. An open problem is to design a distillation protocol with as high a threshold as possible.
What constitutes a magic state for a qutrit? In entanglement theory, any state that is not a product state is defined to be entangled. By analogy, any (pure) state that is not a stabilizer state is defined to be magic [25] . One can then ask, which qutrit state is most magic? To answer this question, a natural measure to use is the regularized entropy of magic, which is defined as the relative entropy between a large supply of qutrits in the candidate magic state and the nearest multi-qutrit stabilizer state. Unfortunately, the regularized entropy of magic is not feasible to compute. To place rigorous bounds on magic, two useful surrogate measures exist: the mana, [25] which is essentially a measure of the sum of negative entries in the discrete Wigner function [26] [27] [28] [29] [30] of the candidate magic state; and the thauma [31] which is the minimum relative entropy between the candidate magic state and a subnormalized state with positive Wigner function.
Two qutrit magic states were identified in [25] that maximize the mana -the strange state, an eigenstate of the qutrit Fourier transform (which was first discovered in [32] ), and the so-called Norell state, which is the eigenstate of another single qutrit Clifford operator N defined below. It was recently shown that the strange state has larger thauma [31] than the Norell state, hence earning it the accolade of the "most magic" qutrit state. This accolade is conceptually satisfying because the strange state also maximally violates the contextuality inequality of [15] , also the qutrit state for which distillation could be most robust to depolarizing noise. As we show in [33] , the qutrit strange state is also the most symmetric of all qudit magic states, and has no natural analogue in higher odd-prime dimensions.
Distillation of the strange states is an exciting problem for both practical and theoretical reasons. The strange state is furthest from the Wigner polytope [23] , and therefore has potential to be distilled with the greatest threshold to noise of any qutrit state, as first observed in [32] . Moreover, constructing a magic state distillation routine that distills strange states, with a threshold meeting the theoretical upper bound set by negativity of the Wigner function, would be tantamount to a proof that contextuality is sufficient for universal quantum computation. [15] Previous works on qutrit and qudit magic state distillation [11, 12, 34] have mostly focused on distilling a class of equatorial magic states, which posses several useful properties [35] , although they have non-maximal mana. In addition, eigenstates of the qutrit Fourier transform other than the strange state were distilled via the 5-qutrit code in [10] , and [13] presented a distillation routine for the qutrit Norell state; although one should note that the protocols of [10] , and [13] have only a linear reduction in noise rate. Prior to this work, no magic state distillation routine with the strange state as a stable endpoint was known.
Here, we show that an [11, 1, 5] 3 code obtained from the ternary Golay code distills the strange state, with a threshold to depolarizing noise that exceeds the best known threshold of any qutrit magic state distillation routine. This code also distills Norell states with a nearly-equal threshold to depolarizing noise.
The strange state and the Norell state
Eigenstates of Clifford operators that are not stabilizer states are natural candidates for attractive endpoints of distillation routines. A complete enumeration of qutrit Clifford eigenstates appears in [33] .
The strange state, 1) and the Norell state,
are both eigenstates of the single-qutrit Clifford operator N , defined as,
The strange state is also an eigenvector of the qutrit Fourier transform
with eigenvalue i. The symmetries of these and other qutrit Clifford eigenstates are discussed in detail in [33] . Both states can be used to implement a non-Clifford gate via state injection, as we review in Appendix A, which closely follows [10] .
In the magic state model, we will begin with a supply of noisy |S and |N states, that lie somewhere near |S or |N in the 8-dimensional space of single-qutrit density matrices. Via random application of Clifford unitaries, a process known as twirling, one can restrict the density matrices of noisy input qutrits to a more manageable form.
For the Norell state, we can randomly apply the unitary N , to restrict our noisy states to lie in the two-dimensional plane spanned by convex combinations of |0 , |N and |S .
The strange state |S is the unique simultaneous eigenstate of two Clifford unitaries H and N . These two unitaries generate a subgroup of the Clifford group isomorphic to SL(2, Z 3 ) [28, 36, 33] . By random application of any element of this finite group, any noisy input state can be brought into the form,
.
(2.5)
The parameter δ has the physical interpretation as the depolarizing noise rate. After twirling, our n noisy input qutrits are in the state ρ ⊗n in = ρ(δ in ) ⊗n . A magic state distillation routine consists of projecting the n noisy qutrits onto the codespace of an [n, 1] stabilizer code, and returns the decoded logical qutrit as output. Assuming the stabilizer code employed has suitable symmetries, the output qutrit will be in a state of the same form ρ out = ρ(δ out ), thus giving rise to a function δ out (δ in ) that characterizes its performance, much like the qubit case.
The existence of a twirling protocol that converts all noise to depolarizing noise is a unique feature of the |S state, that arises because of its exceptional symmetry properties under Clifford transformations. [33] This property is not shared by any other qutrit magic state, nor, is it expected to hold for any other qudit magic state, for any odd prime d > 3.
The 11-qutrit Golay code
Consider any ternary maximal self-orthogonal code [37] of odd length n, with generator matrix M c . We construct a quantum error correcting code from two copies of M c , following the CSS construction [38, 39] , with the following symplectic matrix:
A maximal self-orthogonal classical ternary code of odd length n has dimension k = (n − 1)/2, so the quantum code generated by the CSS construction encodes 1 qutrit. Such a code also commutes both H ⊗n and N ⊗n , and, more generally with any Clifford operator that is a symplectic rotation. Let us choose for M c the generator matrix for the ternary Golay code,
The Golay code is of length 11 ≡ 2 mod 3. X ⊗n and Z ⊗n cannot be stabilizers of this code since the classical ternary vector (1, . . . , 1) is not self-orthogonal. However, both X ⊗n and Z ⊗n can serve as logical Pauli operators for the code. (We denote logical operators with an overbar.) In particular, we make the choicē
Other choices are related to this by a Clifford transformation on the decoded qutrit.
With the above choice, the logical H and N operators are given by,
To distill |S states, we require that |S ⊗n decode to |S after projection onto the codespace. SinceH † |S = i 11 |S , this is indeed the case for the ternary Golay code.
Before proceeding, we note that we could perform this construction for any self-orthogonal maximal ternary code of length n = 12m − 1, with the property that the ternary vector (1 1 . . . 1) is orthogonal to all its generators. There are three such codes of length 11, given in [37] . Using such a code for distillation of |S states, we generically expect the noise rate of the distilled qutrit to depend linearly on the noise rate of the input qutrits, for the following reason. The eigenstates of the qutrit Hadamard operator are |H + , |H − and |S , with eigenvalues 1, −1 and i, respectively. The noisy input state can be rewritten as,
5)
where = 2δ/3. The term in ρ( ) ⊗n proportional to (1 − ) n−1 will contain terms of the form (|S S|) ⊗n−1 |H ± H ± |. Each such term is an eigenvector ofH with eigenvalue ±1. Unless this term is orthogonal to the codespace, it will decode to |H ± , resulting in a term linear in in the output density matrix. Similar comments apply for distillation of the |N state and other qutrit magic states.
Distilling the strange state
A convenient way to calculate ρ out from ρ in is to use the exact simulation algorithm of [14] . This algorithm is essentially a geometric reformulation of magic state distillation in the language of discrete phase space, which gives an expression for the Wigner function of the distilled qutrit, W out (z, x), in terms of the Wigner function of the noisy input qutrits, W in (z, x). Given any n-qutrit stabilizer code described by symplectic matrix M, and logical X andZ operators given by symplectic vectors ( a x | b x ) and ( a z | b z ), [14] states that
where P is a normalization constant chosen so
and also determines the success probability. The quantities z i and x i are the ith components of x and z given by,
We find δ out (δ) for the 11-qutrit Golay code is:
where
This is plotted in Figure 1 .
For small δ, Figure 1 : The relation δ out (δ in ) induced by a single round of distillation with the 11-qutrit Golay code is shown by the solid red line. The dashed line is the line δ out = δ in , which is also shown for convenience. If δ is below the threshold value of 0.387, where both lines intersect, the noise rate of the output qutrit is less than that of the input qutrits, i.e., δ out < δ in .
As mentioned earlier, we generically expect a linear relation between δ out and δ, so this relation is fairly surprising. We hope to better understand the origin of this cubic rate of error-suppression in a future work.
The threshold for distillation is at
This is slightly more than half of the theoretical upper bound for the threshold determined by the Wigner polytope [14, 15, 23] , which is at δ * = 3 4 . This threshold is better than the best previously known threshold for any qutrit magic state distillation protocol. (The best previously known threshold to depolarizing noise was achieved by a distillation routine in [13] that had only linear error-suppression.)
Distilling the Norell state
The ternary Golay code can also be used to distill Norell states. While the Norell state is, strictly speaking, less magic than the strange state, if we restrict our operations to two-qutrit stabilizer measurements and Clifford unitaries, the Norell state is slightly more useful for state injection, as discussed in Appendix A.
The Norell state is an eigenstate of a single Clifford operator N . The best twirling protocol is to apply this operator a random number of times, after which all noisy input density matrices will lie in the triangle formed by convex mixtures of its three eigenvectors. The three eigenvectors of N are |0 , |S and |N , so twirled states can be parameterized as,
(5.1) Our distillation routine takes 11 qutrits in the state ρ( 0 , S ) ⊗11 and outputs a single qutrit in the state ρ( 0 , S ), and is thus characterized by the two functions 0 ( 0 , S ), and S ( 0 , S )). Complete expressions for these functions are presented in Appendix B. For small 0 and S , these come out to be: By iterating this procedure many times, we numerically determined the region of state space that distills to the Norell state. This is shown in Figure 2 . To translate this two-dimensional region into a single number, let us assume only depolarizing noise ( S = 0 = δ N /3) on the input qutrits. We find the maximum depolarizing noise rate δ N for input states to eventually distill to |N is 0.38612. This approximately, but not exactly, equal to the threshold for |S state distillation. This threshold is substantially better than the threshold 0.32989 for Norell states using the distillation protocol of [13] which has only a linear error-supression.
The region of state space that distills to the strange state is also shown in Figure 2 . We could have used this twirling scheme for distilling the strange state. However this does not offer any advantages over the simpler twirling scheme for strange states discussed earlier.
Discussion
The 11-qutrit Golay code distills strange states with a threshold to depolarizing noise of δ * = 0.38715. This is the highest threshold of any known qutrit magic state distillation routine. Moreover, we emphasize that this threshold is a worst-case threshold that applies to all forms of noise, not just depolarizing noise, thanks to the twirling scheme presented above. The best threshold to depolarizing noise for a qubit magic state distillation routine is δ * = 0.34535, which arises for distillation of |T states via the 5-qubit code [6] . So the 11qutrit Golay code defines the first qutrit distillation protocol that also has a better threshold than any qubit distillation protocol, although it may not be meaningful to compare noise thresholds between qudits of different dimensionalities. Qudit codes for sufficiently large odd-prime dimension [12] do have higher thresholds to depolarizing noise, but, in these cases, the depolarizing noise threshold does not, on its own, completely characterize the distillable region of state space. This noise threshold is only a little over half of the theoretical upper limit for the noise threshold δ * = 3/4, set by the necessity of contextuality (or positivity of the discrete Wigner function). Do other codes exist with better thresholds? We tried a similar construction with other self-orthogonal maximal ternary codes of length 11 and 13 [37, 40] ; but the ternary Golay code is the only code we could find that is suitable for magic state distillation. At present, the 11-qutrit Golay code is the only code known to be able to distill the strange state.
A notable disadvantage of distillation via the ternary Golay code is that its probability of success is quite low, 1 1728 , for input qutrits with no error in either the strange state or the Norell state. The low success rate means that, in practice, approximately 19008 qutrits would be needed for a single successful round of distillation. This is offset slightly by the cubic error suppression, which implies that, starting with n noisy copies of the strange state with depolarizing noise rate δ, the noise rate of the distilled strange state scales with n as δ out (n, δ) ≈ 1 1.75 (1.75δ) n 0.112 (6.1)
where ξ = 1 log 3 19008 ≈ .112 is the yield parameter. For comparison, with the 5-qubit code, we obtain a similar relation,
with yield parameter ξ 5−qubit = 1 log 2 30 ≈ .204. Magic state distillation with the 23-qubit Golay code was discussed briefly in [8] , where it was shown that it is not suitable for distilling |H states. It is interesting to note that the 23-qubit Golay code is able to distill |T states with a threshold that is just slightly less than that of the 5-qubit code. As we review in appendix C, the error-suppression for |T state distillation using the 23-qubit code is quadratic, as one would expect for a generic code. On the other hand, the ternary Golay code is the best known code for distillation of strange and Norell magic states, and is able to distill the strange state with a somewhat miraculous cubic error-suppression, whose origin needs to be better understood.
One motivation for distilling strange states is to address whether contextuality can be shown to be a sufficient resource for universal quantum computation. [15] This requires us to construct a distillation scheme that is tight to the boundary of the Wigner polytope, i.e., has a threshold to depolarizing noise of 3/4. While it can be shown that no magic state distillation routine based on a finite stabilizer code can achieve this threshold, [14, 41] , the possibility remains that a sequence of stabilizer codes exist which distill the strange state, whose threshold approaches 3/4. Of course, the ternary Golay code is an extremely special error-correcting code, and there is no reason to expect that one can generalize it to obtain such a sequence of codes. Nevertheless, demonstrating the existence of a single magic state distillation routine that distills the strange state, is an important first step for this program.
We first review the standard approach to state injection. Let U be a unitary operator whose eigenbasis is a complete set of stabilizer states. By a Clifford transformation, such an operator can be brought into a form where it is diagonal in the computational basis,
We denote such an operator as U Z . Such operators were referred to as "equatorial operators" in [11] .
Let us denote
as the eigenstate of X with eigenvalue 1. Define |U Z = U Z |+ , which can be written in the form, |U Z (θ 1 , θ 2 ) = |0 + e iθ 1 |1 + e iθ 2 |2 . (6.4)
We refer to any state that can be brought into the above form via a Clifford unitary as an equatorial state following [10, 11] .
U Z can be implemented by the following state-injection circuit using the state |U Z as follows:
1. Let qudit 1 be in the state |U Z , and qudit 2 be in the state |ψ .
2. Apply a controlled-X 2 gate to the |U Z |ψ , with |ψ as the target.
3. Measure Z on qudit 2; if the outcome is ω m , apply (U Z X m U † Z ) to qudit 1. Qudit 1 is now in the state U Z |ψ .
The above procedure works if U † Z XU Z is a Clifford operator, i.e., if U Z is in the third level of the Clifford hierarchy. [42, 43] If U Z is not in the third-level of the Clifford hierarchy, then it is not possible to apply the outcome-dependent correction at the end. In this case we end up with the state U Z X −m |ψ with a random, but known value of m. In this case, it is convenient to modify the circuit by applying another controlled-X, with qudit 1 as target, to obtain X m U Z X −m |ψ . If m = 0, we have obtained the desired state U Z |ψ . If m = 0 we can repeat this state injection procedure in hopes of eventually reaching the state U Z |ψ , or a state Clifford-equivalent to it. If the group G generated by operators of the form X m U Z X −m is a finite group of relatively small (i.e., O(1)) order, this process is a random walk which reaches |U Z in O(1) steps.
The magic states |N and |S are not equatorial states, but can be converted into equatorial states via a series of 2-to-1 stabilizer reductions.
[10] showed how to convert the state |N to an equatorial state via a 2-to-1 stabilizer reduction:
1. Start with two (very pure) qubits in the state |N |N .
2. Project onto the codespace of the [2, 1] code defined by the stabilizer ωX 1 X 2 . This has a 1/4 success probability.
3. Decode treating X 2 as the logical X operator, and Z 2 1 Z 2 as the logical Z operator.
For input |N , the resulting state is X 2 |U Z (π/3, 2π/3) , which is Clifford equivalent to |U Z (0, π) . U Z (0, π) is a non-Clifford gate; while it is not an element of the third-level of the Clifford hierarchy, the group generated by X m U Z (0, π)X −m is finite, and can be used to implement a non-Clifford gate as discussed above.
There is no 2-to-1 stabilizer reduction which converts |S to an equatorial state. However, we can convert two copies of an |S state to a |N state via the 2-to-1 stabilizer reduction with stabilizer Z 1 Z 2 , and decoding via logical operatorsZ = Z 2 andX = X 2 1 X 2 . This stabilizer reduction succeeds with probability 1/2. This stabilizer reduction can also convert two copies of any state of the form γ |1 + δ |2 , which is also a Clifford eigenstate [33] , into the state |N , with success probability 2|γδ| 2 .) This scheme appears to be the optimal scheme using only 2-qutrit stabilizer projections and Clifford unitaries. It would be interesting to search for schemes involving n-qutrit stabilizer projections, for n > 2, that make better use of magic.
Appendix B: Distilled Norell states
The output qutrit is in the state ρ( 0 , S ), where Numerical basins computed in Figure 2 appear to be symmetric with respect to interchange of the |N and |S state. This is not quite the case, as the thresholds to depolarizing noise for |S and |N states are slightly different. Interchange of |N and |S corresponds to interchange of 1 − 0 − S and S . The expressions above are not symmetric under this exchange.
Appendix C: Distillation with the 23-qubit Golay code
Distillation with the 23-qubit Golay code was first reported in [8] . There, it was found that 23-qubit Golay code is not suitable for distilling qubit |H magic states, but it can distill |T states. Here we present the results for |T state distillation in some more detail.
The binary generator matrix for the classical Golay code is: (6.10)
The |T magic state is defined as |T T | = 1 2 (1 + 1 √ 3 (X + Y + Z)), and is an eigenstate of the Clifford operator T defined in [6] . Noisy |T states can be twirled to take the form:
Distilling with respect to the Golay gives a relation δ out (δ) that takes the following form: Figure 3 : The relation δ out (δ in ) induced by a single round of distillation with the 23-qubit Golay code is shown by the solid red line. The dashed blue line is the line δ out = δ in , which is also shown for convenience, and the black line is the relation δ out (δ in ) for the 5-qubit code. Both codes have quadratic reduction in noise, but the 5-qubit code has a better threshold. This is plotted in Figure 3 .
Note that error-suppression is quadratic, as expected for a generic code of length n = 6m − 1, that has T ⊗n as a transversal operator. The threshold is at δ * = 0.32237. This is slightly worse than the threshold of the 5-qubit code which is at 0.34535.
